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I. INTRODUCTION
Anomalies are the breaking of classical symmetries by quantum mechanics, and these phenomena are always used to un-
derstand a new physics system [1]. Conformal anomaly appears in a theory that the energy momentum has a trace Tαα which
vanishes classically. The relation between conformal anomaly and Hawking radiation [2] has been studied by many authors
[3, 4, 5]. Considering conformal anomaly, many scientists studied the Casimir effect in (1+1)-dimensional curved spacetime
background [6, 7].
Gravitational anomaly shows the nonconservation of stress tensor. In (1+1)-dimensional spacetime, the gravitational anomaly
is given by [8]
∇µT µν =
1
96π√−gǫ
βδ∂δ∂αΓ
α
νβ =
1√−g∂µN
µ
ν = Aν. (1)
In this field, Robinson and Wilczek discussed the gravitational anomaly in the region that localized on the width of 2ε straddling
the horizon and found that the flux of Hawking radiation cancels the gravitational anomaly [9]. Based on the work of [9], Iso
et al calculated the relation between the Hawking radiation of a charged black hole and the gravitational anomaly and gauge
anomaly [10]. Many other authors discussed the anomalies near the horizon of different black holes, ie, rotating black hole
[11, 12], dynamical black hole [13] and (2 + 1)-dimensional black hole [14].
In this paper, we will calculate the anomalies in (1 + 1)-dimensional Achucarro-Ortiz black hole background. It is organized
as following. In Section II, we will introduce the Achucarro-Ortiz black hole in detail. In Section III, the stress tensor in the
region (r+ + ε < r < ∞) is calculated, and then the contribution of trace anomaly to the stress tensor is discussed. In Section IV,
we study the gravitational anomaly and gauge anomaly near the horizon, meanwhile, the relation between Hawking radiation
and anomalies in this region is discussed. In Section V, we will get conclusions and give some comments.
II. ACHUCARRO-ORTIZ BLACK HOLE
The (2+1)-dimensional BTZ black hole was first derived by Banados Teitelboim, and Zanelli [15] under the action
S =
∫
d3x
√−g(R + 2Λ), (2)
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2with a negative cosmology constant Λ. The element of BTZ black hole is
ds2 = −(−M + Λr2 + J
2
4r2
)dt2 + (−M + Λr2 + J
2
4r2
)−1dr2
+r2(dθ − J
2r2
dt)2. (3)
There are many ways to reduce this line element to (1+1)-dimensional one [16, 17]. Under the Kaluza-Klein reduction the
metric of BTZ black hole yields the two-dimensional line element as [18]
ds2 = −(−M + Λr2 + J
2
4r2
)dt2 + (−M + Λr2 + J
2
4r2
)−1dr2, (4)
with a U(1) gauge field At = J2r2 and a dilaton field Φ = r, where M and J are the mass and charge of the (1+1)-dimensional
charged black hole. Supposing that the black hole has a positive mass and the charge J is nonzero, there are two horizons of the
Achucarro-Ortiz black hole
r2± =
M ±
√
M2 − ΛJ2
2Λ
, (5)
where r± is the outer and inner horizon respectively. The Hawking temperature TH of the event horizon is [17]
TH =
√
2Λ
2π
√
M2 − ΛJ2
(M +
√
M2 − ΛJ2) 12
=
Λ
2π
( r
2
+ − r2−
r+
), (6)
and the Ricci scalar is
R = −
[
2Λ + 3J
2
2r4
]
. (7)
We can rewrite the line element (4) in a conformal form
ds2 = Ω(r)(−dt2 + dr∗2), (8)
in which
Ω = (−M + Λr2 + J
2
4r2
), drdr∗ = Ω. (9)
Then the nonzero Christoffel symbols of the metric (8) are
Γr∗tt = Γ
t
tr∗ = Γ
r∗
r∗r∗ =
1
2
d
drΩ. (10)
III. TRACE ANOMALY
We consider a massless scalar field in (1+1)-dimensional Achucarro-Ortiz black hole background. The stress tensor is covari-
antly conserved
∇νΣνµ = 0, Σµµ =
1
24π
R, (11)
in which ∇ is the covariant differentiation operator, Σµµ is the trace anomaly coming from the renormalization process, and R is
the curvature scalar.
We assume the background spacetime is steady, then the stress tensor Σνµ is time independent. Considering the nonzero
Christofell symbols (10), the covariantly conserved equation (11) in this background takes the form
∂r∗Σr∗t + Γ
t
tr∗Σ
r∗
t − Γr∗tt Σr∗t = 0, (12)
∂r∗Σr∗r∗ + Γ
t
tr∗Σ
r∗
r∗ − Γtr∗tΣtt = 0, (13)
3with Σtr∗ = −Σr∗t , and Σtt = Σαα − Σr∗r∗. Using Eqs. (10), (12), (13) one can get that
d
dr (Ω(r∗)Σ
r∗
t ) = 0, (14)
d
dr (Ω(r∗)Σ
r∗
r∗) =
1
2
{ ddr (Ω(r∗)}. (15)
Eq.(14) leads to
Σr∗t = αΩ
−1(r), (16)
where α is an integration constant. And the solution of Eq.(15) can be written as following
Σr∗r∗ = [H(r) + β]Ω−1, β = Ω(L)Σr∗r∗(L), (17)
where
H(r) = 1
2
∫ r
L
Σααr
′ d
dr′Ω(r
′)dr′, (18)
in which L is an arbitrary scalar length. Given different scalar length L, we can get the different contribution of H(r) to the stress
tensor. We need to choose L more carefully. It should not include the region that is very near the horizon because there are
quantum fluctuation in this area [19]. We consider that the region out of event horizon can be separated into two areas, one is
near the horizon r+ < r < (L = r+ + ε) where ε is a very small length, and the other is L < r < ∞.
Using Equations(14) and (15), one can obtain
Σνµ =
(
Σαα(r) − Ω−1(r)H(r) 0
0 Ω−1H(r)
)
+ Ω−1(r)
( −β −α
α β
)
. (19)
The stress tensor Σνµ can be written in this form
Σνµ = Σ
(1)ν
µ + Σ
(2)ν
µ + Σ
(3)ν
µ , (20)
where
Σ(1)νµ =
(
Σαα(r) −Ω−1(r)H(r) 0
0 Ω−1H(r)
)
, (21)
Σ(2)νµ = KΩ
−1(r)
( −1 0
0 1
)
, (22)
Σ(3)νµ = αΩ
−1(r)
( 1 −1
1 −1
)
, (23)
where K = (α + β). The next step is to confirm the value of α and K. We subject the stress tensor to the condition on which the
background spacetime is quasi-flat rq f . We can get Ω(rq f ) → 1,Σαα(rq f ) → 0 in this region. One can compare the energy density
of a beam of black body (the Achucarro-Ortiz black hole) radiation in the quasi-flat region with the one of equilibrium gas with
Hawking temperature TH . The stress tensor of this equilibrium gas is [3]
T (e)νµ =
π
12
(kTH)2
( −2 0
0 2
)
. (24)
Comparing the stress tensor Σ(2)νµ (rq f ) with Eq.(24), we can get
K =
π
6 (kTH)
2. (25)
The outwards flux of thermal radiation in quasi-flat region can be described by the stress tensor
T (r)νµ =
π
12
(kTH)2
( −1 −1
1 1
)
. (26)
And the density and the flux are actually equal for a massless field, so that
α =
1
2
[H(rq f ) − Σαα(rq f )]. (27)
4Under Eqs. (25) and (27), and considering K = α + β and β = Ω(L)Σr∗r∗ (L), one can obtain
1
2[H(rq f ) − Σ
α
α(rq f )] =
π
6 (kTH)
2 −Ω(L)Σr∗r∗ (L). (28)
We find that the total stress tensor Σνµ is the function of Σαα, rq f and L. Σαα = R24π , rq f is determined by gtt = 1, we also can get the
value of L from Eq.(28). The stress tensor in this region can be connected to the equilibrium gas of a background heat bath at
the temperature of TH and the trace anomaly.
IV. GAUGE ANOMALY AND GRAVITATIONAL ANOMALY
In this section, we will discuss the stress tensor in the region r ∈ [r+, r+ + ε]. There are gauge and gravitational anomalies
in this region. We consider the current charge and gauge anomaly at first. The current shows an anomaly in the region near the
horizon if we omit the ingoing modes in this area. The consistent form of d=2 Abelian anomaly of right-handed fields is given
by [20]
∇µJµ = −
e2
4π√−gǫ
µν∂µAν, (29)
in which
ǫµν =
( 0 1
−1 0
)
. (30)
But the current J is not covariant, we need to define a new covariant current [21]
J˜µ = Jµ +
e2
4π√−g Aλǫ
λµ. (31)
One can find that the coefficient of J˜ is twice of J. The gauge is anomalistic in the region r ∈ [r+, r+ + ǫ], the current satisfies
∂r Jr(H) =
e2
4π
∂rAt, (32)
and it is conserved ∂rJr(o) = 0 outside the horizon
∂rJr(o) = 0. (33)
So we can obtain
Jr(H) = cH +
e2
4π
(At(r) − At(r+)) , (34)
Jr(o) = co, (35)
where co and cH are integration constants.
Under gauge transformations, considering the ingoing mode near the horizon, variation of the effective action is given by
−δW =
∫
d2x√−g(2)λ∇µJµ(2), with a gauge parameter λ. We separate the current as two parts Jµ = J
µ
(o)Θ+(r) + Jµ(H)H(r), where
Jµ(o) is the current of out horizon and J
µ
(H) is the one near horizon, and Θ+(r) = Θ(r − r+ − ǫ), H(r) = 1 − Θ+(r). The variation
near the horizon becomes
0 = −δW =
∫
d2xλ[δ(r − (r+ + ǫ))(Jro − JrH +
e2
4π
At) + ∂r( e
2
4π
AtH)]. (36)
The last term is canceled by quantum effects, and it is called the Wess-Zumino term induced by the ingoing modes near the
horizon [10]. For the delta-function is non-zero in the region r ∈ [r+, r+ + ǫ], the coefficient of this term should vanish
co = cH −
e2
4π
At(r+), (37)
where cH is the value of the consistent current at the horizon.
5It is necessary to fix the value of current at the horizon to determine the current flow. Since the condition should be gauge
covariant, we impose that the coefficient of the covariant current at the horizon should vanish. Considering ˜Jr = Jr+ e24πAt(r)H(r),
the value of the charge flux should be
co = −
e2
2π
At(r+) = e
2Q
4πr2+
. (38)
We now turn to discuss the gravitation anomaly. Remember the (1 + 1)-dimensional gravitational anomaly can be described
by Eq.(1). Similar as the calculation of gauge anomaly, we can get the flux of stress tensor near the horizon. The total flux of
stress tensor is
ao =
e2Q2
4πr2+
+ Nrt (r+) =
e2Q2
16πr2+
+
π
12β2
. (39)
We want to find the relation between anomalies near horizon and Hawking radiation. One can consider the flux from black
body radiation (Hawking radiation of Achucarro-Ortiz black hole) in the positive r direction with a chemical potential. The
Planck distribution in Achucarro-Ortiz black hole is given by [10]
I(±)(w) = 1
eβ(w±c) − 1 , (40a)
J(±)(w) = 1
eβ(w±c) + 1
, (40b)
for bosons and fermions respectively, where c = −eAt(r+) [2]. I(−) and J(−) correspond to the distributions for particles with
charge e. If (w± c) > 0, those distributions are suppressed exponentially, but if (w± c) < 0, we must discuss more deeply. When
(w ± c) < 0, for bosons superradiance will appear, but for fermions, detailed calculations show that there is no superradiance
[22]. We will calculate the flux of fermion for simplicity.
Jr = e
∫ ∞
0
dw
2π
(J−(w) − J+(w)) = e
2Q
4πr2+
, (41)
T rt =
∫ ∞
0
dw
2π
w(J−(w) + J+(w)) = π
12β2
+
e2Q2
16r4+
. (42)
Compering Eq.(41) with Eq.(38), and Eq.(42) with Eq.(39), we find that the flux derived from blackbody radiation at Hawking
temperature cancels the flux of charge and energy.
V. CONCLUSIONS AND COMMENTS
We have studie the contribution of different anomalies to stress tensor in different regions in (1 + 1)-dimensional Achucarro-
Ortiz black hole. In the region of L < r < ∞, we find the contribution of trace anomaly to the stress tensor can be connected
to the equilibrium gas of a background heat bath at the temperature of TH . But in the region near the horizon, gauge anomaly
and gravitational anomaly should be considered. To avoid losing the general covariance and gauge invariance at quantum level,
the total flow of charge and energy-momentum near the horizon of Achucarro-Ortiz black hole must be equal to the one of
blackbody radiation at Hawking temperature. This is different from [14] in which the author integrates out modes in a sandwich
surrounding the horizon just like [9]. However, we can get the same result (38) and (39) as [14] in which the BTZ black hole is
reduced to (1+1)-dimensional black hole.
Anomaly is a key to the deeper understanding of quantum field theory. In [6], the relation between the trace anomaly and
Casimir effect is discussed in (1+1) dimensional curved spacetime. There are also many papers in which the relation between
black hole entropy and anomaly is discussed [23, 24, 25, 26]. Nugayer [27] had studied the relation between Casimir effect
and black hole evaporation two decades ago. Many other people discussed the connection of Casimir effect and black hole
thermodynamics [28, 29, 30, 31, 32]. The relation between them will be studied more deeply and be understood more clearly.
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